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Abstract 

We construct a kappa-symmetric and diffeomorphism-invariant non-relativistic Dp-brane action as 
a non-relativistic limit of a relativistic Dp-brane action in flat space. In a suitable gauge the world- 
volume theory is given by a supersymmetric free field theory in flat spacetime in p + 1 dimensions 
of bosons, fermions and gauge fields. 
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1 Introduction 



Non-relativistic string theory [1, 2] is a consistent sector of string theory, whose world- 
sheet conformal field theory description has the appropriate Galilean symmetry [3]. Non- 
relativistic superstrings and non-relativistic superbranes [4, 5] are obtained as a certain de- 
coupling limit of the full relativistic theory. The basic idea behind the decoupling limit is to 
take a particular non-relativistic limit in such a way that the light states satisfy a Galilean- 
invariant dispersion relation, while the rest decouple. For the case of strings, this can be 
accomplished by considering wound strings in the presence of a background S-field and tun- 
ing the S-field so that the energy coming from the 5-field cancels the tension of the string. 
In fiat space, once kappa symmetry and diffeomorphism invariance are fixed, non-relativistic 
strings are described by a free field theory in fiat space. In AdSs x [6], the world-sheet 
theory reduces to a supersymmetric free field theory in AdS2. 

In this paper we study the non-relativistic limit of non-perturbative supersymmetric ob- 
jects of string theory. We study non-relativistic supersymmetric Dp branes in fiat spacetime. 
The point of departure is to consider the world- volume kappa invariant action of a relativistic 

brane in fiat spacetime [7-10]. Since the Dp branes are charged under the RR forms, 
we also consider its coupling to a closed p + 1 RR form, Cp+i. In this way we can find a 
limit where the tension of the wound Dp brane is cancelled by the coupling to the Cp+i field. 
Only states with positive charge remain light in the limit, while the non-positively charged 
states become heavy. We obtain a world- volume kappa symmetric action of a non-relativistic 
Dp brane. When kappa symmetry [11] and diffeomorphisms are fixed, the non-relativistic 
Dp-brane action is described by a supersymmetric free field theory in fiat spacetime in p + 1 
dimensions of bosons, fermions and gauge fields. This is the main result. 

The paper is organized as follows. In section |2l we summarize the basic properties of 
kappa- symmetric relativistic Dp-brane actions in fiat space. In sectional we consider the non- 
relativistic limit of relativistic Dp branes. The supersymmetry and kappa transformations 
are discussed in section ITTl It is shown there how after the gauge fixing these transformations 
give rise to a rigid supersymmetric vector multiplet with the usual supersymmetry algebra. 
In section Em we will specify to the case of a D string. While in other cases the Wess-Zumino 
(WZ) term is given implicitly as a (p + 2)-form over an embedding manifold, in this case the 
form of the WZ term is simple and we give it explicitly. We finish by some conclusions and 
an appendix with conventions. 



2 Relativistic Dp branes 

The action for a relativistic Dp brane propagating in fiat space^ is [7-10] 

S = -Tp J d^+Vy/- det (d, + J^i^) + Tp J fi^+i 

^We are using conventions elose to these of [7,8], except that the exterior derivative commutes with 9, 
and our spinor conventions imply that their is —iO for us. See the appendix for more details. 
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— —Tp J [£ng — -^wz] — — y^^^GS- (2-1) 
Gij is the induced metric constructed from the supertranslation invariant 1-form 

n™ = dx™ + ier"'de. (2.2) 

J^ij is constructed from the two form JF = 2'Ka'F — 6, which is written in terms of the field 
strength of the Born-Infeld (BI) field, A, and of the puUback of the fermionic components of 
the B field in superspace. £wz = ^p+i is the WZ term. Since the expression is complicated^, 
it is useful to introduce a + 2)-form hp+2 such that 

hp+2 = dfip+i. (2-3) 

For type IIA Dp branes {p even), the forms are given by 

b = -i9TuTmd6 (^n'" - ^er^'de^ , 

hp+2 = i-TideTpde, p = 2n, (2.4) 
where 7^ is a p form. To define it, we introduce the formal sum of differential forms 

Ta= J2 Tp = e^CA, (2.5) 

p=even 

where 

Ca = Tu + + l^Tu^P' + ^V'' + . • • • (2.6) 

and 

^P = U"'Tm. (2.7) 
The Dp-brane action 1)2.11) is invariant under the supersymmetry transformations 

d,e = e, d.X"^ = -zer™^, 

5,{27ia'A) = -ieVuTmOdX''' + - (eTuTn.eeT'^de + er„^^riir"d6') , (2.8) 

6 

and under the kappa transformations 

= iK[i + (-)"rj, i.x'" = -isr-M, 
4(2WA) = +«,«-r„r„.ra» + i.-.»r„r„««T-d9-i^.«T„<)Sr„™, (2.9) 

where 



^The explicit form of the WZ term is given in [12, 13]. 
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The {p + l)-form pp+i is defined [7,8] by the formal sum 

Pa= ^ pp+i = g^Sa, (2.11) 

p=cvcn 

where 

Sa = Tn^ + + ^rn^' + + . . . . (2.12) 
For the type IIB Dp branes {p odd) we have 



b = -2^r„T3d^ (^n™ - -^r™d0 

hp+2 = idOTpde, (2.13) 

where 

Tb= Yl % = ^^SbTi, (2.14) 



and 



p=odd 

5b(^) = ^ + j^n^ij^ + + Y^ni^' + . . . , (2.15) 

where is defined in fl2.7|l . The supersymmetry transformations are given by 
5,e = e, d.X"" = -ieT'^e, 

6,{2na'A) = -zergP'^^dX'" + I (enTmeeT'^de + eTmeeTaT'^de) . (2.16) 

6 

The kappa transformations are 

642na'A) = tdJnT^eU^ + ^dJrsT^eeT^'de-hjT^eenme, (2.17) 

where 

= (l^+l)! V-det(G + ^) ^'^"^^--^^ ' ^'-''^ 
and pp+i is defined as a (p + l)-form given by 

PB=Y. Pp+i = e^CB(^)ri, (2.19) 

p=odd 

where is 

= rs + + ^ra^^ + 1^^ ^ . . . . (2.20) 

We can switch on one more couphng in the world-volume consistent with all the symme- 
tries of the Dj9-brane action. From the spacetime point of view, it corresponds to turning on 
a closed {p + 1) RR field, which does not modify the fiat supergravity equations of motion. 

= —Tp [£ng — ^wz — ^Cp+i] , (2-21) 

where Ccp+i = /*Cp+i is the puUback of Cp+i on the world-volume (for more details see 
below) . 



5 



3 Non-relativistic Dp branes 



In this section we derive the action for non-relativistic Dp branes. The non-relativistic limit 
of strings [1,2,4] is obtained by decoupling some charged light degrees of freedom that obey 
a non-relativistic dispersion relation from the full relativistic theory. This is achieved by 
rescaling the world-volume fields with a dimensionless parameter u and later sending the 
parameter to infinity. This limit implies that the transverse oscillations are small. For the 
case of Dp branes we should do the following rescaling 



(3.1) 









= X", 


T 




{27ra')Fij 


= ^fij, 


(2W)A 


= uWi 


e 













where X™ has been split in X'^ and X". The X'^ are the coordinates of target space 
parallel to the brane and X" are the transverse coordinates. The NR gauge field strength is 
fij = diWj — djWi- The scaling of the fermions depends on the splitting of the fermions due 
the matrix F*: 

F,e± = ±9±. (3.2) 

The expression for F^ is 

F, = (-)"+%..pF^+\ p = 2n, (3.3) 

for type IIA Dp branes and 

F. = Fo...pZr3"T2, p = 2n-l, (3.4) 

for type IIB Dp branes. ti 2.3 are the Pauli matrices. F,, appears as the first term of the 
non-relativistic expansion of the matrix F^ appearing in the kappa transformations as will 
be shown below. Properties of the projected spinors are given in the appendix. 

In order to compute the non-relativistic limit we should see how the forms involved in 
the action rescale under 1)3.11) . The supertranslation 1-form ()2.2|) scales as 

= a;e^ + -6+^9+, U'' = u\ (3.5) 

where we have introduced 

e^' = e'^ + ^^.FM^., = dx'^, 

u" = dx'^ + 2z^+F°d6'_, = X^ + i9^r''9+. (3.6) 
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The form T scales as 

jr = ^jr(i) + ljr(-i)^ (3.7) 



where for IIA 

^(1) = / + 



(3J 



+2^_r Jnd6'_ [u'' - ^^_r'^d^+ - ^^+r"d^_ 
^(-1) = 1 (^_r^rnd^+ + ^+r^rnd^_) ^+™+ + 

+^^+r,rnd^+ - ^^_rM^+ - ^^+r"d^_^ . (3.9) 

In order to have the expressions for IIB, we should replace Fn by rs. 

Throughout the analysis, we keep uj large but finite in the intermediate computations 
and only send uj to infinity at the end. Therefore, we keep explicitly terms in the action 
that scale as positive powers of u (which look superficially divergent) and terms that are 
independent of uj (which are finite). We drop terms that scale as inverse powers of u because 
they cannot contribute when taking the limit at the end of the analysis. 

The NG part of the (j2.ip becomes after the rescalings 



^p-^^NG — ^py — det {Gij + 

= Tnrcu^^^'^ + TnrCg + ^^I^"')- (3-10) 
The finite contribution is given by 

4g = leg^%u, + zeM'd,9^ + leJ^S^H^'tg'', (3.11) 

where gjk = '^^lv<^^^k1 ^ — dete^ and = e^r^. We use the vector signs to indicate sums 
over the transverse space components. The superficially divergent contribution, written as 
a form, is given by 

d^+V4- =e'...F = -^-l-^e^„,..^^e^o . . . g... (3.12) 

Now we consider the scaling of the WZ term. For the IIA case we have 

= T^Rio^h% + Tnr/i^^ + O{io-^). (3.13) 

First, we analyse the superficially divergent term. This term comes from the expansion of 
the term in hp^2 that contains i/j to the power p. 



h% = -tdO.^^e^' . . . e^'^e,,.„,^,T''de_ = -e,^^ ^^Ide^e'^i . . . e'^^ (3.14) 



We note that 

d(d^+V£gg) = d(dP+V/:^^^) - h% = 0. (3.15) 

As the last term involves only terms with fermions, this cancellation removes the terms 
with fermions in ^^g- There remains the purely bosonic term in C^q, which is e° ■ ■ -e^. 
Therefore, the potentially divergent term of is e° ■ ■ ■ e^, which is a total derivative. This 
term can be cancelled by turning on a closed RR Cp+i form, given in ()3.1|) . which only leads 
to the following potentially divergent term 

^Cp+i = iy_^t^o-i^p<^o° ■ ■■(^p"- (3-16) 

Note that all the positively charged states are light. All states with non-positive charges 
become infinitely heavy and decouple. 

The finite part of the action of a NR Dp brane is 

S-NR = -Tnr j daP+^ (^ee+fdke+ + \eg^%u, + ^^^^ tg''^ +Tnr j (3-17) 

where f^p+i is the non-relativistic WZ term. It has a complicated expression that we give 
below for the case of Dl. In general, it verifies dfip'^^ = where 

type IIA : h% = {~r i^^ S +T^^,^'h^^ . . . e^-T,„„,^de+ + . . . , 
typellB : /ij^ = 2id^+ (rg)" ^r2e^^ . . e'^''r^,...^^d0+ + . . . , (3.18) 
and the dots indicate terms with dependence on 0_. 

3.1 Supersymmetry and kappa transformations 

The relativistic Dp-brane action 1)2.11) is invariant under the supersymmetry ()2.8|) and kappa 
transformations ()2.9|) for type IIA and ()2.16p and ()2.17p . respectively, for type IIB. In order to 
obtain the non-relativistic counterpart of these transformations that leave the NR Dp-brane 
action, ()3.17j) . invariant, we should rescale the supersymmetry parameter 

e = v^e_ + W-e+, (3.19) 

V UJ 

and the kappa parameter 

K = y/uJK_ + \ —K^. (3.20) 

V UJ 

We also need the expansion of the kappa gamma matrix, 

r, = r, + -r. + c>(a;-2), (3.21) 

UJ 
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where T^: was introduced before in ()3.3p and, for type IIA, 



1 



r. = -rrxr. - -^(prn^T'^r,. 



(3.22) 



The symmetries of the non-relativistic lagrangian are a consequence of the symmetries 
of the parent relativistic theory and the fact that the divergent term of the non-relativistic 
expansion, = C^" 



NG 



£^2 5 is a total derivative or is absent when we introduce the 



coupling to the RR Cp+i form ()3.16|) . 

The supersymmetry transformations of the NR Dp-brane action for type IIA (|3.17|) are 
given by 

Sed- = e_, 6e0+ = e+, 

[e+r^ru0- + e_r^rn^+)^-r'^d^_ 
+e_r jn^_ {e.r"'de+ + ^+r"d^_) 

+e_T^e_{e.T>'Tude+ + ^+r^rnd^_) 
+(e_r,^+ + e+r,^?_)^_r'"rnd^_ 

The action ()3.17p has also the NR kappa symmetry 

1 



1 

+ 6 



(3.23) 



)"-A€-r., 

; 2 



(3.24) 



2 



-22^,rv. 



+^sj.raTue-ih^''de. + ^_r<^d^+) 



T''Tiide+ + 6'+r'^rnd^_ 



-(SJ-TJ+ + 6j+TJ_)e.T''Tnde. 



From ()3.24|1 we see that 6- is a gauge degree of freedom that can be eliminated by choosing 
6- = 0. In this gauge we can explicitly integrate the WZ term. The action for a non- 
relativistic Dp brane in diffeomorphism-invariant form becomes 



NR 



NR 



dcjP 



+1 



1 

+ 4- 



-det gg'^diXdjX + 2i^ 
dei gfiifug"^ 9^^' 



det ge+Ydi9^ 



(3.25) 
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where g^^ is the inverse of the induced metric gij = rj^yC^d'y This lagrangian is interacting 
since the longitudinal scalars x^{a) are coupled to the transverse scalars X°-{a) and the dy- 
namical fermions 0+{a) via the induced metric gtj. The gamma matrices 7^ are the pullbacks 
of the gamma matrices in spacetime, 7^ = ef F^. 

In the static gauge [x^ = a'^), this theory becomes a supersymmetric free theory in a flat 
spacetime of scalars, fermions and gauge fields. 



5nr = -Tnr / d^+V 



(3.26) 



Once kappa symmetry is fixed, sixteen of the supersymmetries are linearly realized while 
the other sixteen are non-linearly realized. The non-linear realized supersymmetries are 
generated by e+, while the linearly reahzed supersymmetries are induced by e_. The trans- 
formations are 

59+ = -e+-U_{v^dkX'^Va + ]^f,kTiir^^ , 
= 2i9+V''e_, 

5Wi = -2ie.TiTn9+. (3.27) 

For type JIB Dp branes we obtain the same expressions as for IIA but with the sub- 
stitution of Fii by T3, at this point we should note that the substitution must be done 
before any commutation of Fn with any other F. The only exception is the kappa symmetry 
transformation for the spinor 6+ (j3.24j) . which is written for the JIB 

Sj+ = ^R-T.. (3.28) 

Consequently, the residual transformation is 

59+ = e+ 



2 

dX" = 2z^+F'^e_, 
6Wi = -2ie^TiT39+. (3.29) 

The linearly realized supersymmetries represent the transformations of a vector multiplet 
with 16 real supersymmetries in p -|- 1 dimensions. The formulae ()3.27|) and ()3.29p give 
a uniform way for writing these vector multiplet transformations in any dimension using 
IP = 10 notation. 



3.2 Dl string 

In this section we will consider explicitly the case of Dl strings. This case is interesting 
because we can write explicitly the non-relativistic Wess-Zumino term, since we can easily 
integrate the form given by ()3.18j) . and therefore we can write explicitly the kappa- 
symmetric form of the non-relativistic Dl string action. 
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For the D-string we have = FoFiTi. As in the general case, we obtain a divergent 
term for the WZ part, which we can write exphcitly as 

^wz = e'''e,,te^T''d,9^ (^dkX^ + ^^^F^a^^.^ . (3.30) 

The a;^ terms of Cqs (remember that £gs = -^ng ~ -^wz) give 

£gs = (3,31) 

This divergent term can be cancelled by turning on a closed RR C2 form ()3.16p . 
The finite part of the kappa-symmetric form of the action is 

Snr = -T^rJ d''a[2eie+^'dk9+ + hg'%Uk + 

-le^^'4^)^^-^^« + 2ie^%T,nd,e4ul - z^+F'^a,^_)] . (3.32) 

If we choose 6'_ = and the static gauge, the action becomes 

S^R = -Tnr j dV [^r]'WiXdjX + 2ie^r%e+ + l/,^./,,r/^S^'^] . (3.33) 

The residual supersymmetry transformation is given by ()3.29j) for p = 1. 

4 Conclusions 

Non-relativistic superstrings and Dp branes describe a consistent and soluble sector of the 
full relativistic string theory. In this paper, we derived the world-volume theory of non- 
relativistic supersjTiimetric Dp branes in fiat spacetime. This is achieved by considering a 
suitable non-relativistic limit of relativistic wound Dp branes. The branes are charged with 
respect to the Cp+i RR form, and we fine-tune the coupling in such a way that the tension 
of the Dp-brane in cancelled by the RR coupling. This is the cancellation of the superficially 
divergent terms in the action. It is important to notice that kappa symmetry is crucial for 
this cancellation. The balance between the NG part and the WZ part of the action needed 
for kappa symmetry is the same balance that is necessary for combining these superficially 
divergent terms in a total derivative. Then this total derivative can be cancelled by a closed 
Cp+i form. 

Once all the gauge symmetries of the non-relativistic Dp-brane action are fixed, the world- 
volume theory reduces to a supersymmetric field theory of bosons, fermions and gauge fields 
in fiat spacetime. 

The non-relativistic string theory provides a new soluble sector of string theory where 
one could test the gauge/gravity correspondence. See [6] for a concrete proposal in the case 
of AdS^ X S^. More in general, it could be interesting to study the non-relativistic sector of 
AdS branes, e.g. [14]. 
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A Notation and some useful formulae 

Here we summarize our notation. Indices are 



target space 
target space, longitudinal 
target space, transverse 
world — volume 



m,n = 0, ...,9 
= 0,...,p, 

a,h = p + l, 9 

i,j=0,...,p. (A.l) 



The metric in target space and on the world- volume has signature mostly -|-. The totally 
antisymmetric Levi-Civita tensor is normalized by £^^'^---p = +1, £012. ..p = — 1- 

The P"* and Fn can be chosen real by taking the charge conjugation matrix C — Fq, and 

Fn = Fori...F9. (A.2) 

For type HA theories, ^ is a Majorana spinor, while for type IIB theories, there are two 
Majorana-Weyl spinors 9a (a = 1, 2) of the same chirality. The index a is not displayed 
explicitly. The Pauli matrices ti, r2, ra act on it. This leads to some useful symmetry relations 
as 

xA = Ax, A = F^e A = -eF^, A = Fne A = -eFn. (A.3) 
There are cyclic identities 

^ [F^^, (^^F- Ok) + F^Fii^7 (^jF'^Fii Ok)] = 0, (A.4) 

UK cyclic 

and, for type IIB spinors, 

^ [Tmnei {OjV'^eK) + Traei (^jF^Ti^k) } = 0, (A.5) 
I J K cyclic 
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where ti can also be replaced by T3. 

We define projections in ()3.2|) . using the matrix defined in fl3.3|) and in ()3.4p for type 
IIA and JIB, respectively. This matrix squares to H. Here are some useful properties: 

T^9± = ±0±, 
type IIA : ^± = ±(-)5+i^±r„ r^Fn = -rnF,, 

r,r^ = (-)f+ir^r„ r,r = (-)^rr„ 

type IIB : e± = =F^±r*, T^rg = -t^T^, 

Y^T'' = -m„ r,r" = rr,. (a.6) 

For the Dl string we can also use 

r^n^i = ±£^.r^^±. (A.7) 

Differently from [7,8] the differentials and the spinors have independent gradings. Com- 
ponents of the forms are defined by 

Ar = ^Ai,,„,M\..da'\ (A.8) 
and differentials are taken from the left. 
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